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An  earlier model  of f low in an isothermal circular jet developing in a cross stream is extended to the case of 

a jet of  variable density. The initial-length problem is solved. 

The ejection of jets at an angle to the main stream is extensively used in practice to intensify heat and mass 

transfer in different power installations. In [1 ], a model of flow in an isothermal jet developing in a sweeping stream 

is proposed and the solution is given to the problem of the initial length of such a jet in which a complex flow is formed 

by the jet issuing into a sweeping stream. Below, this model is extended to the case of a variable-density jet developing 

in a sweeping stream, and the integral-method solution is given to the problem of the initial length of such a jet at 

an arbitrary angle of its ejection into the main stream. 

When a jet is ejected into a sweeping stream of another density, we may assume that the deformation rate 

of the jet boundaries Va, just as in the case of an incompressible fluid [1 ], is proportional to the sweeping-stream 

velocity component normal to the jet trajectory. But, since a less dense jet must be more permeable for a denser cross 

stream, and vice versa, and the basic parameter, which determines the flow in a jet in a sweeping stream, is the jet 

and stream velocity head ratio, it is logical to assume that v a is also proportional to the square root of the stream and 

jet gas density ratio P~/Po ,  i.e., 

va = eV**n \-'~-o l �9 (1) 

The rates of expansion of the jet boundaries in the plane of symmetry and in the lateral direction will be 

written in the same forms as in [1 ]: 

Y l m = r ~  v~ z l m = r ~ +  v, ~ ,  , ( 2 )  
Uo Uo 

but instead of the rate of expansion of an incompressible fluid jet these formulas should involve the rate of growth of 

the boundaries of a variable-density submerged jet for a jet ejected at an angle of 90 ~ to the stream or of a 

variable-density jet in a concurrent stream for a jet ejected into the main stream at an angle other than 90 ~ 
t 

It is clear that the relation between the rates of jet expansions in the plane of symmetry Ylm and in the lateral 

direction Zlm remains the same as in the case of an incompressible fluid jet: 

Zlm ylrn ~ 2 Va = (3) 
U0 

In conformity with the above, the factor (p~/po)  ~ should be introduced into the additional discharge of the 

fluid ejected by a jet developing in a sweeping stream as compared with the discharge of the fluid ejected by an 

ordinary jet. As a result, the value of the additional relative discharge of the fluid qadd = Gadd/(2arr 2 p0u0) will be 
equal to 

X 

e { P:: "kll2 V~,, ~zimdx. (4) 
q add = ~ ~--'~0 ,/ Uo o 
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It should be noted that the above generalization of the model of flow in an incompressible-fluid circular jet 

developing in a cross stream can also be used for the case of a two-phase jet in a cross stream and for the case of a 

purely gas jet in a gas cross stream with a solid or liquid impurity. In this case, as the value r~ in Eqs. (2) we should 

use the rate of growth of the submerged two-phase jet boundary (when the angle of ejection is ao = 90 ~ or of the 

two-phase jet in a concurrent stream. The gas and particle mixture density in a jet should be determined from the 

equation 

Po = 9e ( 1 + ~'o). (5) 

Suppose that a circular jet is ejected at a certain angle to the stream of another gas. In the initial length of 

such a jet there are the core of constant total pressure and a mixing zone with different rates of expansion in the 

plane of symmetry and in the lateral direction. We will assume that: 

1) the jet temperature axis in the initial length coincides with the dynamic axis; 

2) the velocity profiles in the cross sections of the jet are similar and can be described by the Schlichting 

formula; 

3) the temperature (enthalpy) profiles in the cross sections of the jet are similar and differ from the velocity 

profiles; 

4) the jet axis is the stream line; 

5) the lines of equal velocities are ellipses; 

6) the jet velocity and temperature boundaries coincide. 

If velocity and temperature profiles (impurity concentrations) are described by universal relations assuming 

the ellipticity of the jet cross section, then to describe the flow pattern in the initial length of such a jet, one should 

know four values: the boundaries of the jet and the boundaries of the constant total pressure core in the plane of 

symmetry and in the lateral direction. Just as in the case of an incompressible fluid jet, in order to determine the 

above values, one can use: the condition of conservation of the jet excess momentum, the integral discharge equation 

involving the additional discharge ejected by the jet and determined with the aid of Eq. (4), an equation which 

connects the rates of jet expansion in the plane of symmetry and in the lateral direction (Eq. (3)), and an equation 

which automatically results from the condition that the lines of equal velocities are ellipses, i.e., 

4 ~ dcp J" pu (u - -u~ ) rd r=cons t ,  (6) 
0 0 

,"t / 2 rtft~) 

o o 

9urdr = Go -+- G~ -4-- Gad d, 

, , ( _ )  zlm = y l . ,  + 2e P"* 1/2 V| 
Oo tttj 

(7) 

yo____E_~ = ~z'-'m (8) 
i 

./Jim Zlra 

The scheme of the jet is shown in Fig. 1. 
As noted above, the velocity and temperature profiles entering into Eqs. (6) and (7) may be considered 

similar and can be described with the aid of the equations 

T - -  T~ r~ (q~) - -  r 
u - -  u 6  = 2 [ ~  (~o)] 3 / 2  - -  [r l  (@]~, - -  ---- ~ (@, ~1 (~o) = 
uo - -  ue To - -  T~ r x (cp) - -  r= (@ 

(9) 

r~ (~0) - -  r.~ Cq~) = r~ (~) ,  

whereas the density is determined from the equation of state, which yields 

P/Po = To/T. (10) 
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Fig. 1. Scheme of the jet. 

The  discharge of the fluid ejected by a circular nonisothermal jet in a concurrent  stream compounded with 

the initial jet discharge can be determined from the equation 

q~ =- Go+2 Go = i' pu 

2nrouoPo o P ouo 

B 2 y d y  = 2Yl + B6ylg~ + B4g~, (11) 

Here 

B2 = AiR - -  A l t +  m~ (Aol - -  AiR - -  Ao2 + A l i ) ,  Bt = 0,5 ~ Ai i - -mc  (Ao~--Ali), 

B6 = 2A1,. - -  AI3 -~ me (A13 ~t_ 2Ao2 - -  Aol - -  2Air,). 

U 8 . U - - t t ~  2q3/2__~la Y l - - g  m o = ~ ,  u ~ = V ~ c o s ~ ,  = = I ( %  ~ =  , 
tl o U o - -  u~ Yl 7 Y2 

1 I 

Ao~= I P d~l, ao~=S P ndn, 
b P0 o P0 

l 1 

�9 P f (n) ndn.  0 t O1) dn, A~,~ = .1' Oo A13 = .t" Po 
o o 

(12) 

(13) 

The ordinates of the jet mixing zone boundaries in a concurrent stream Yl and Y2 can be determined by 

solving the problem of the initial length of a circular nonisothermal jet in a concurrent stream. However, on the 

assumption that the mixing zone boundaries are linear, which is confirmed by experiments,  Yl and Y2 can be 

determined from the formulas 

Yx = 1 + klS, g2 = 1 - -  k 2 5  , k 1 - j -  k 2 = 1. (14) 

Since Yl = $ = $ij at the end of the initial length (t~ij i s  the half-width of the jet at the end of the jet initial 

length in a concurrent  stream),  we have 

kl = ( 6 i j  - - 1 ) / 6 i j ,  k2 = 1/Sij. (15) 

The magnitude of the jet boundary  ordinate at the end of the initial length can easily be obtained from the 

equation of excess momentum conservation in the jet at Y2 = 0, whence we have 

6ij := (2Bi )  " l / ~ ,  B1 = A21 - -  AI~ -~- t/ze (A13 - -  AI~ - -  A21 + A22 ). (16) 

The  quanti ty ql (x) can be determined from the equation of discharge for a jet in a concurrent  stream on the 

assumption that  the change in the discharge is proportional to the excess fluid velocity in the jet and to the ordinate 

of the jet boundary  
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Fig. 2. Integrals as functions of O = T~/To: 1) AOl; 2) Ala; 3) Ao2; 4) A21; 5) 
A14; 6) A22. 

d yt 
J" puydy = clpoo (Up --u~) yl, (17) dx 0 

whence, after simple manipulation, we obtain 

ql(X)=O,5+ClX(1 m) pop ( 1 +  6'~e--1 x ) - -  ' . , ( 1 8 )  
P0 2 xac 

where xij is the initial length of a nonisothermal jet in a concurrent stream. 

The quantity xij can be determined from Eq. (11) at Y2 = 0 and at the value of ql (x) found from Eq. (18): 

26i] B~ - -  1 
(19) Xij = po~ 

c~ (1 m)(1 + 6 i j  ) 
Po 

Here cl is an empirical constant which can be obtained from the relation for the width of the submerged isothermal 

circular jet mixing zone $ = cx, from which we obtain that at the end of the initial length c = ~ i / x i .  By calculating the 

integrals A13, A14, A21, and A22 for an isothermal jet and performing simple computations, we obtain 

cl --:= O, 1 c, (20) 

where c, as is known from experiments, is approximely equal to 0.25-0.3. 

The values A01, A02, A13, A14, A21, and A22 in Eqs. (11) and (16) are integrals defined with the aid of Eq. 
(13) 

1 1 

P [2 (~) ~ld~l. (21) A21=!, p , :2(q])d,q, A2g_=S ~)0 
Po 0 

Figure 2 shows integrals (13) and (21) as functions of the ratio T~/T 0. They are calculated on the assumption 
that for a substantially subsonic nonisothermal jet the temperature profiles are similar and are described by the 

equation 

T - - T 6  Yt - -  Y 
- - = ~ q ,  ~ =  ( 2 2 )  
To ~ T6 Yl - -  Y2 

The value of the additional discharge of the fluid ejected by the jet developing in a sweeping stream will be 
found from Eq. (4), in which Zlm can be obtained in a first approximation with the aid of Eq. (3) and the first of 

relations (2) and (14)-(16). Simple manipulations yield 
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and 

zl =l§176 v n]x 
x ij \ Po / u0 

(23) 

UO Xij t2o 

where 

Then, since q(x) = ql (x) + qadd(X), we obtain the relation for q(x) in view of Eqs. (18) and (24) 

q (x) 0,5 q- b~x ~-a2xZ, 

e ( p., 11/2 V**n [ 6ij ---~1 .q - 
a~ .=cx (1 - -m)  p**9o (6iJ2xij 1) -~"~"~  \-- '~o ~, uo xi  i 

(25) 

-+-e , b 2 : c l ( l ~ m )  p| - k - ~  ~ ' 
Uo Po \ Po ] uo 

(26) 

Taking into account the similarity of the velocity and temperature profiles (9) and substituting Eqs. (9) and 

(25) into (6) and (7), we find 
y~rnzxmB1 q- yxmz~mB5 q- Y2mZ2,nBa = 0,5, 

YmZlrnBz + ylrnz2mB6 + yzmz~mBa = q (x), 
(27) 

where B2, B4, and B 6 a re  determined from Eqs. (11), and B3 and B5 from the equations 

B~ = 0,5 - -  A2~ + m~ (A22 - -  A14), 
(28) 

B~ = 2A2z - -  A~x + mo (2Ai~ -- AI~ -F A~I ~ 2A2~,). 

The left-hand sides of Eqs. (27) are calculated with the use of easily computed integrals 

~ / 2  ~/2 ~12  

2 Ylrnglm' Gr2dcp.= ~" 2 YlmZv~, r~dcp = ~ 2 y2rnz2m. (29) 
o 0 0 

Multiplying both sides of the first equation of system (27) by q (x) and both sides of the second equation of 

system (27) by 0.5 and subtracting the second equation from the first, after simple manipulations we find 

Here 

ax = Bsq (x) ~ 0,5B~, 

a lp  + bff + cl = 0. 

[ = Yzm _ z2m 

Yxm Zxrn 

bl = Bsq (x) ~ 0,5B~, Cl : BN (x) ~ 0,5Bz. 

(30) 

(31) 

(32) 

Solving Eq. (30) with allowance for the fact that 0 _< f _< 1, we have 

] - -  Y 2 m  _ ( b Y  - -  4alcl) 1/2 --01 
Ylrn 2al ' 

y2,,, = Yi,,l, z ~  = zimL 

From the first of Eqs. (27), using Eq. (34), we find 

0,5 
~ l m Z l m  : t~, n == 

Bd" + Bd  + Bl" 

The value of Zlm is determined with the help of Eq. (8) and turns out to be equal to 

(33) 

(34) 

(35) 
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Fig. 3. Initial length as a function of the stream and jet velocity ratio m -- VcJu0: 
a) a = 90 ~ experiment [4 ]: 1) O = 0.5; 2) 0.877; calculation: 3) O--2.0;  4) 1.0; 
5) 0.877; 6) 0.5; b) a = 60 ~ calculation: 7) O -- 2.0; 8) 1.0; 9) 0.5. 

z x m = y l m + 2 e (  P~ ~ 1/2 V~n - -  x. (36) 
\ P0 ! Uo 

Substituting Eq. (36) into (35) and solving the resulting equation for Ylm, we find 

Vlrn= s .  X + n e - - x .  (37) 
\ P0 / u0 u 0  

The initial length for a jet in a sweeping stream xi can be found with the aid of Eq. (27), having assumed 

that x = xi and Y2m --" z2m -- 0 and solving these equations for xi, whence 

where 

(b 2 -J- 4aec2) 1/2 - -b~  
xi ----- 2a~ 

8~ I ) . 
c'2 = 0,5 ( BI 

(38) 

(39) 

The characteristics of the initial length of a nonisothermal circular jet in a sweeping stream can be calculated 

in the following order: 

1) Using the given temperatures and velocities of the stream and the jet, determine the temperature ratio 

O = Ta /T0  and the velocity ratio m = V=/uo in the stream and the jet. 

2) For the given ejection angle ao, determine from the  following formulas the concurrent stream velocity and 

the sweeping stream velocity normal to the jet trajectory, as well as the concurrency parameter: 

u~ := V~ cos c%, V~,, .... V~ sin CZo, mc := u~/Uo. (40) 

3) Using Fig. 2 and the value of O found under item 1, determine the values of the integrals A13, A14, A21, 

A22, A01, and A02. 
4) From Eqs. (16) and (19), using the values of mc and integrals obtained under items 2 and 3, determine 

the initial length of the jet in a concurrent stream Xy and the jet radius at the end of the initial length ~ij. 

5) Calculate the quantities a 2 and b2 from Eqs. (26) and c2 from Eq. (39). 
6) From Eq. (38), determine the initial length of the nonisothermal jet in a sweeping stream. 

7) Calculate the values of Ylm, Ztm, Y2m, and z2m at different distances to the nozzle outlet x in the following 
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order: 

~n~ 

Z 

Z irn 

f 
1 1  

"- '2 6 

4 3  7 8  

0 Z 
Fig. 4. The calculated boundaries of the mix ing zone at a = 90 ~ V = / u  0 = 0.2, 

0 = 1.0: 1) Zlm; 2) Ylm; 3) Z2m; 4) Y2m; 0 = 2.0: 5) Zlm; 6) Ylm; 7) Z2m; 8) Y2m. 

a) from the given x values, the values of q(x) are calculated from Eq. (25), and al, bl, Cl from Eq. (32); 

b) the values of f = Y2m/Ylm are determined from Eq. (33), and the values of n from Eq. (35); 

c) the values of Ylm are obtained from Eq. (37), and of Zlm from Eq. (26), as well as the values of Y2m, Z2m 

from Eq. (34). 

It must be emphasized that increasing the jet ejection angle above a o -- 90 ~ should result in jet development 

in the countercurrent stream near the nozzle outlet (in the initial length). But in this case, as is known (see [2, 3 ]), 

the boundary layer thickening angle is independent of the velocity ratio and has the same value as for a submerged 

jet. Therefore, in formulas for calculating the initial-length characteristics it is necessary to set mc -- 0. It is evident 

that in such a case the jet ejection angle should influence the jet characteristics only through the change in the 

sweeping stream velocity component normal to the jet trajectory. Since the sweeping velocity decreases with an 

increase in the jet ejection, the additional ejection into the jet also decreases. Consequently, the initial length should 

also increase. 

Figure 3 shows the initial length as a function of the stream-to-jet ratio m = V| at a 0 = 90 ~ The plots 

with the results of calculation at O --" 1.0 and O -- 0.5 display the experimental data of Hendrixon [4 ]. It is seen 

that the predicted results agree satisfactorily with experimental data. 

Analysis of the predicted data at different jet ejection angles shows that, as expected, an increase of the value 

of V=/u0 leads to a decrease in the initial length when a 0_ 60 ~ With the jet ejection angle a0< 60 ~ the concurrent 

stream velocity (the sweeping stream velocity component directed along the jet trajectory) is so great that its influence 

is dominant, and the initial length increases with V=/u0. Thereafter the rate of increase diminishes and when V~/u0> 

0.2-0.3, a further rise in V=/u0 leads to shortening of the initial length. 

Figure 4 shows the influence of the flow nonisothermicity on the development of the jet mixing zone 

boundaries in the plane of symmetry and in the lateral direction in case of cold jet ejection into a hotstream (T~/T0 

= 2.0) at V=/uo = 0.2 and a 0 = 90 ~ It is clear that in this case the flow nonisothermicity leads to an increase in the 

jet range and a decrease in the mixing zone width. Note that in view of the absence of experimental data, it has not 

been possible as yet to verify the results of calculation of the mixing zone boundaries. However, the qualitative results 
of calculation agree with available concepts about the development of the nonisothermal jet initial length in a sweeping 

stream. 

Thus, the proposed solution of the problem makes it possible with the aid of simple formulas to describe a 
complex flow in the initial length of a nonisothermal jet in a sweeping stream, considering the specific features of the 

development of such a jet. 
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N O T A T I O N  

c, empirical constant (the degree of the isothermal submerged jet mixing zone expansion); Gc, initial fluid 
mass discharge in a jet; Gadd, additional mass discharge of fluid ejected by a jet in a cross stream; Ge, mass discharge 

of fluid ejected by an ordinary jet (submerged or in a concurrent stream) ; Gg, Gim, gas and impurity mass discharges 
in the case of a two-phase jet; r, ~o, x, cylindrical coordinates along the jet trajectory (see Fig. 1); T, temperature; 
u, longitudinal velocity component; Va, rate of deformation of jet boundaries; V~, velocity of sweeping stream; V~n, 

sweeping stream velocity component normal to the jet trajectory; Ylm, Zlm, ordinates of jet boundaries in the plane 
of symmetry and in the lateral direction, respectively; Y2m, Z2m, ordinates of core boundaries in the plane of symmetry 
and in the lateral direction; ao, angle of jet ejection (angle between the jet and stream directions); 70 = Gim/Gg, 

impurity concentration; e, empirical constant; P0, P~, gas densities of jet and sweeping stream; p g ,  density of gas 

phase. Subscripts: 0, initial; 6, on jet boundary. 
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